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Abstract
An extension of the super Korteweg-de Vries integrable system in terms of op-
erator valued functions is obtained. In particular the extension contains the N = 1
Super KdV and coupled systems with functions valued on a symplectic space. We
introduce a Miura transformation for the extended system and obtain its hamilto-
nian structure. We also obtain an extended Gardner transformation which allows
to find an infinite number of conserved quantities of the extended system.
1 Introduction
The N = 1 supersymmetric extension of Korteweg-de Vries equation obtained in [1]
is equivalent to the equations obtained in [2] by reduction from the super Kadomtsev-
Petviashvili hierarchy. The equations are described by a system of nonlinear coupled
partial differential equations for fields which take values on the even and odd parts of a
Grassmann algebra. The system posses a sequence of infinite local as well as non-local
conserved quantities [1, 3, 4, 5]. Later on, also supersymmetric extensions with more than
one supersymmetric generator were obtained [6, 7, 8, 9, 10].
Coupled partial differential equations in terms of real commuting fields may be ob-
tained from these supersymmetric models by expanding the even and odd fields in terms
of a basis of the Grassmann algebra and separating the equations corresponding to each
1
generator. Families of new solutions [11, 12] to super KdV were obtained using such
bosonization procedure [13].
The bosonization approach becomes non-trivial when one considers the hamiltonian
formulation, the Poisson structure on the unconstrained phase space and the Poisson
structure on the constrained phase space given by the Dirac brackets. In fact, the for-
mulation in terms of even variables introduces antisymmetric Poisson brackets while the
one in terms of odd variables introduces symmetric Poisson brackets and the equivalence
has to be shown explicitly. In the case we will consider in this paper both approaches
becomes completely equivalent.
In this paper we will consider a very general algebraic structure for the fields describing
the nonlinear systems. The systems are coupled partial differential equations extending
the KdV equation. In particular our KdV extensions include the supersymmetric N = 1
SKdV system as well as deformations of it. It also describe systems whose odd part
satisfies a symplectic bracket structure.
We will obtain the hamiltonian structure of these extended KdV systems. The Poisson
structure on the constrained submanifold of phase space will be given in terms of the Dirac
brackets defined for constrained systems [14, 15, 16, 17]. The extended KdV systems we
will consider have an infinite sequence of conserved quantities which may be obtained via
a Gardner transformation as was done in [18, 13].
2 Extension of KdV equation, hamiltonian structure
and infinite sequence of conserved quantities
We consider an associative algebra of even and odd elements. The even elements belong
to a commutative algebra P with unit while the odd ones belong to Q which satisfies
QP ⊂ Q
[Q,P] = 0
[Q,Q] ⊂ P,
(1)
and for any q ∈ Q there always exists qˆ ∈ Q such that [q, qˆ] 6= 0.
We introduce a Lagrangian formulated in terms of fields w and η valued on P and Q
respectively. The Lagrangian depends on a real parameter λ. The Lagrangian is
L =
1
2
w˙w′ +
λ
2
[η˙, η]−
1
2
(w′′)
2
−
1
2
(w′)
4
−
1
2
λ2[η, η′]
2
−
λ
2
[η′′, η′]−
3
2
λ(w′)
2
[η′, η] . (2)
We notice that if λ is positive one may redefine η → λη and reduce the Lagrangian to the
case λ = +1. If λ is negative one may reduce to the case λ = −1.
The associated field equations are
v˙ + v′′′ − 6v2v′ − 3λ(v [η′, η])
′
= 0 (3)
2
η˙ + η′′′ − 3v2η′ − 3vv′η + λη′ [η, η′] +
1
2
ηλ [η, η′′] = 0 (4)
where v ≡ w′.
In particular if P and Q generates a Grassmann algebra, the latter two terms on the
second equations are zero.
There is a hamiltonian and a corresponding Poisson structure associated to this La-
grangian.
We denote by p and µ the conjugate momenta associated to w and η respectively.
We then obtain from the definition of p and µ the following primary constraints
φ ≡ p− 1
2
v = 0
ψ ≡ µ− λ
2
η = 0.
(5)
It turns out that these are the only constraints of the theory. They are second class
constraints. In fact, they satisfy the following Poisson bracket relations
{φ(x), φ(y)}
PB
= −∂xδ(x, y)
{φ(x), ψ(y)}
PB
= 0
{ψ(x), ψ(y)}
PB
= −
1
λ
δ(x, y).
The hamiltonian density associated to the Lagrangian (2) may be obtained via a Legendre
transformation and is expressed as
H =
1
2
(v′)
2
+
1
2
v4 +
1
2
λ2[η, η′]
2
+
1
2
λ [η′′, η′] +
3
2
λv2 [η′, η] (6)
subject to the constraints φ = 0, ψ = 0.
The canonical field equations
v˙ = {v,H}
DB
η˙ = {η,H}
DB
(7)
where H = 〈H〉
x
is the integral on R, exactly agree with the Lagrangian field equations
(3),(4) as it should be.
We notice that if P andQ generate a Grassmann algebra H reduces to the hamiltonian
of the N = 1 supersymmetric KdV equations.
In fact, in the case of a Grassmann algebra the term [η, η′]2 in H becomes zero and
we may perform a Miura transformation
u = v′ + v2 − λ [η, η′]
ξ = η′ + vη
(8)
3
to obtain
H =
1
2
u2 +
1
2
λ [ξ′, ξ] =
1
2
u2 + λξ′ξ.
The canonical equations then reduce to the system
ut = −u
′′′ + 6uu′ − 6λξξ′′
ξt = −ξ
′′′ + 3(uξ)′,
(9)
which is invariant under the supersymmetric transformation with odd parameter ǫ,
δǫu = 2ǫλξ
′
δǫξ = ǫu.
(10)
(9) is a parametric Susy KdV equation, for λ = 1 it gives the N = 1 Super KdV equation.
If instead of considering a Grassmann algebra, we consider an associative algebra
satisfying in addition to (1) the condition QQ ⊂ P, which implies [Q,Q] ⊂ P, then the
hamiltonian density reduces to
H =
1
2
(v′)
2
+
1
2
v4 +
1
2
λ [η′′, η′] +
3
2
λv2 [η′, η] .
After using the generalized Miura transformation given by (8) we obtain
H =
1
2
u2 +
λ
2
[ξ′, ξ]
and the canonical field equations
ut = −u
′′′ + 6uu′ + 3λ[ξ′′, ξ]
ξt = −ξ
′′′ + 3(uξ)′,
(11)
which are invariant under the transformations
δǫu = λ[ǫ, ξ
′]
δǫξ = ǫu.
(12)
Moreover, the system (11) under assumption (1) has an infinite sequence of local con-
served quantities for any value of λ. This property may be proven by using a Gardner
transformation as was done for the case λ = 1 in [13]. In fact, we have
zt = (−z
′′ + 3z2 + 3λ [σ′, σ])
′
+ ǫ2(2z3 + 3λz[σ′, σ])
′
σt = (−σ
′′ + 3zσ)′ + ǫ23(z2σ′ + zz′σ + λσ′[σ′, σ]),
(13)
u = z + ǫz′ + ǫ2(z2 + λ[σ′, σ])
ξ = σ + ǫσ′ + ǫ2zσ,
(14)
4
where (13) and (14) are the Gardner equations and associated Gardner transformations
respectively.
After simplifying by crossing out derivatives in x and using the inverse Gardner trans-
formation, the first four nontrivial conserved quantities for the operator-extended KdV
system (11) are:
H0 =
∫
udx
H2 =
∫ (
u2 + λ[ξ′, ξ]
)
dx
H4 =
∫ (
2u3 + (u′)
2
+ 4λu [ξ′, ξ] + λ [ξ′′, ξ′]
)
dx (15)
H6 =
∫ (
5u4 + 10u(u′)
2
+ (u′′)
2
+ 15λu2 [ξ′, ξ]− 2λu [ξ′′, ξ′]
− 8λu [ξ′′′, ξ] + 3λ2[ξ′, ξ]
2
+ λ [ξ′′′, ξ′′]
)
dx.
3 Conclusions
We introduced an operatorial extension for Korteweg-de Vries equation which contains as
particular cases several systems with the property of having a sequence of infinite local
conserved quantities. In particular it contains the N = 1 super KdV system. We obtained
the hamiltonian structure of such extension. The existence of an infinite sequence of
conserved quantities for the operatorial extension was shown using a generalized Gardner
transformation.
Acknowledgments
A. R. and A. S. are partially supported by Project Fondecyt 1121103, Chile.
References
[1] P. Mathieu, J. Math. Phys. 29, 2499 (1988).
[2] Yu. I. Manin, A. O. Radul, Commun. Math. Phys. 98, 65 (1985).
[3] P. Dargis, P. Mathieu, Phys. Lett. A 176, 67 (1993).
[4] S. Andrea, A. Restuccia, A. Sotomayor, J. Math. Phys. 46, 103517 (2005).
[5] S. Andrea, A. Restuccia and A. Sotomayor, Phys. Lett. A 376, 245251 (2012).
[6] P. Labelle and P. Mathieu, J. Math. Phys. 32, 923 (1991).
5
[7] S. Bellucci, E. Ivanov and S. Krivonos, J. Math. Phys. 34, 3087 (1993).
[8] F. Delduc and E. Ivanov, Phys. Lett. B 309, 312-319 (1993).
[9] F. Delduc and E. Ivanov and S. Krivonos, J. Math. Phys. 37, 1356 (1996).
[10] Z. Popowicz, Phys. Lett. B 459, 150-158 (1999).
[11] X. N. Gao and S. Y. Lou, Phys. Lett. B 707, 209 (2012).
[12] X. N. Gao, S. Y. Lou and X. Y. Tang, JHEP 05, 029 (2013).
[13] S. Andrea, A. Restuccia and A. Sotomayor, J. Math. Phys. 42, 2625 (2001).
[14] P. A. M. Dirac, “Lectures on Quantum Mechanics”, Belfer Graduate School Mono-
graph Series No.2, Yeshiva University, New York, (1964).
[15] Y. Nutku, J. Math. Phys. 25 (6) , June (1984).
[16] G. W. Kentwell, J. Math. Phys. 29, 46 (1988).
[17] A. Restuccia and A. Sotomayor, J. Math. Phys. 54, 113510 (2013).
[18] R. M. Miura, C. S. Gardner, and M. D. Kruskal, J. Math. Phys. 9, 1204 (1968).
6
